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Abstract 

In  this  paper  a  particular  integral  of  a  product  of  Whittaker 
functions  is  expressed  essentially  in  terms  of  another  Whittaker 
function. 

Likewise  a  particular  integral  of  a  product  of  E  functions  is 
shown  to  be  essentially  an  E  function. 
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1,  Introduction 
The  integral 


(1)      )e^[|("*|>]«k,.(='>«k,.<'"'==)^ 


-i 


r(^  -k+ni)P(^  -k-m)   2     '       2k+  ^,2m 

where  R(k)  <  -|R(in)|,    |ainp  b|  <  y^  ,  was  stated  by  Erdelyi  Msee    [l] ,  p.  Ul3,    (^)) 
In  this  paper  we  shall  establish  a  generalization  of  this  formula,  namely, 

00  00 

(2)  •••       expfl  (__L>^)]w       (  ^  ) 

J  J  ^       ^'  2*****  p-l-l      *     T.*  2*****  p-1 


ff 


-1 


rj«         \,m^^^[^'--'Vl 


(2.)^^"%^*'^''^bNpblV"^^^' 


r  (1-  7  p-pk+pm)  r(l-  7  PTDk-pm)  r-^        ^  /    -j 

A < exp    »  (pb  '^) 

r(^-k*m)r(|-k-m)     P  L^  J 


X      W  (pb^/P), 

"  ?  *  ?  P+pk,pra 

where  R(  i  -ktn)  >  E^,  b  >  0  and  p  •  2,3,li,...     .     (2)  will  be  deduced  as  a 
particular  case  from  the  following  formula  for  MacRobert's  E-function  which 
will  also  be  established  in  this  paper,  namely. 


-  2   - 


00  ,00 

(3)  f  • 


(    ^(°»P'*  Z-3E V-^  ff^Jx:^^*P^/PE(a,p::x jidx^   ...  dx 


I  P'  I    2p-pa-pp-  I  ,  / 

{2nr  P  E(pa-p+l,p^-p+l::pb•^/P), 


where  R(a)  >  (p-l)/p,  R(p)  >   (p-l)/p,  b  >  0  and  p  «  2,3,U,...     .     It  may  be 

noted  that  if  we  put  p  "  2  in  (3),  we  hav« 

,oo_  3  3 

(U) 


00.  3  3 

I  X    ^  E(o,p::x)E(a,p::b/x)dx  -  71^2^"^°*^^  E(2a-l,2p-l::2  )/P), 


where  R(a)  >  7  »  R{p)  >  7  and  where  b  is  real  and  positive.  The  following 
formula  will  be  required  in  the  proof; 

(5)         X"^'^(a,p::tiX)d\  -  r(k)r(a-k)rO-k)'  ti*"  , 

where  R(a-k)  >  0,  R(p-k)  >  0,  R(k)  >  0. 

For  the  definition  and  properties  of  the  E-functions,  the  reader  is  referred 

^    [2],  page   352.     Formula  (3)  will  be  proved  in  Section  ?,  while    (1)   and   (2) 
will  be  deduced  in  Section  3, 

2.     Proof  or  the  multiple  integral  (3) 

Denote  the  integral  on  the  left  of  (3)  by  F(b),   then,  writing  x  for  x     ,, 
obtain 


-  3  - 


<r>        ,00 


^o  o 


F(b)    -    (  —    I       ff    Jx;^^*P^/PE{a,p»:x^)idx^,...,dXp_2 


,00 


/  3^-(2p-l)/p  E(a,^::x)E(a,p:: 


^>»**»^p-2» 


)dx. 


In  the  last  integral,  replace  x  by 


x*^^*  •"  **t)-2 


and  get 


00  00 


b     PF(b)  -)•••)       T    J   x^^''*^^/P  Era,p::x^)ldx^,...,dXp., 


p-2 


"o  o 

K        X   PE(o,p::x)E(a,p:: 

^ 


^»«»*»Xp-2» 


)cbc. 


so  that  by  differentiation, 

1 


1-1 


00  ,00 


b     PF'(b)  +    (l-i)b    PF(b) 


■    I    •  • « 


'o  o 


t\  x;^^*^^/p     E(G,p:sxpydx^...dXp_2 


00    _1      - 


and 


X        xP      F(a,p:!x)E'(a,p:: ^ 7  )  dx, 

'o  ^ 

1-1  -1  -.1  -1 

b     PF"(b)+2(l-l)b   PF'(b)+(l-l)(-i)b   P      F(b) 

00  00     ^(  2  ] 

]"]     IllK'*'^^''     E(a,B::xpVdx^.,.dXp., 


o  •'o 


,00   __1  _2 


/        X  ^       E(a,p::x)E     (0,^:: 


x^, . . tjX     2^ 


)dx. 


Now,  remeittberincT  that  thp  differential  equation 

2    "  » 

(6)  z  w       -  z(z+a+p-l)w     •••  apw     »     0 

has  solutions 

F(a,p::z),       z°  ^F^(a}l-»-a-pjz)     and       z^  ^F^(p jl+p-ajz), 

we  can  write  the  last  result,  as 


.? 


-u  - 


2.i 


1-i 


3-1 

b     P    f"  (b)  +  2(1-  i)b     PF'(bK(l.  ^)(-i)b     PF(b) 


.00  ,00 


'  '"  j       ff'  Jx;(^*l^/P  E(a,p::x^)i    dx^,...,dXp_2 


'O  'o 


X        X  P  E(a,pt:x) 


|x^,.»«,x     2>*  lx^,»»»>x     2»^ 


+a+p-l] 


where 


E     -  apE   ).    dxj 


E  =    E(a,p:: —= j) 


X^»-»>Xp_2J 


Therefore 


___  2-i  1-i  2-i 

b^'PF''(b)  ♦  2(l-i)b     Pp'Cb)  Ml-i)(-i)b     PF(b)-(a*p-l)b     P 


3-i 


l-i         1-i 

F  (b)   -  (a+p-l)b     PF(b)  +  apb     P  F(b)     -    L, 


where 


.00  ,00 


L    -    b 


f         D-2  I 

—  J       fr    ^  x;^'*l^/P-2  E(a,p::xpl  dx^,...,dXp.2 


0  o 


/         X  P      E(a,p::x)E  (a,p:J  rr )  dx. 

O  *^ 

To  find  L,  we  go  back  to  the  original  definition  of  F(b),  namely. 


F(b) 


00  ,00 


/o         -'o 


p-1 
T 

r-l 


Xj.^      K(a,B::x^) 


dx^,...,dx     ,     E(a,p:: ) 


so  that 


-  5  - 


F  (b) 


/  E  (a,p:: 


E(a,p::x^)V  dx^,...,dx  _^ 


). 


X,  » •  •  t  ^'f-. 


p-1 


If  we  write  xx,x„»»«x  „  instead  of  x,x_»»»x  ,,  we 


have 


.00      ,00 


F  (b) 


-2 


-  f  ¥  Jx;(-^i)/p-2,(^^p^.^^^J^^^^^^^ 


dx 


■p-2 


00   1  « 

/   -—  -2 


X  P   E(a,p::x)E  (a,p:t 


^'•••>*p-2 


)  dx. 


8o  that 


L  -  b^F'(b), 


If  W8  substitute  for  L,  we  can  write  the  last  result  as 


3-f 


2-i 


2-i- 


(7)    b  P  f"  (b)  *  pi-  l)b  P  -  b^-(a+p*  i  -2)b  n  F'(b) 
+  b  "P  pp-(a+p)(l-  i)+(l-  \f^   F(b)  .  0. 


If  in  (6),  we  put  z  »  pb  'P,  and  replace  a,  p  by  pa-p+1,  pp-p+1,  we  obtain  (7) 
with  w  in  place  of  F(b),  and  z  in  place  of  b.  It  follows  that  for  some  A  and 
B  independent  of  b  we  must  have 


1/p 


pa-p+1 


l/p> 


F(b)  .  ACpb""/^)      ^F^(pa-p+lil+pa-pp;pb-'/*') 

,  /  pp -p+i  ,  / 

+  BCpb-^-^P)      j^Fj^(pp-p+lil*pp-pa}pb^/P). 

Now  F(b)  is  STimnetrical  in  a  and  p,  and  so  are  the  coefficients  of  A  and  B. 
Therefore,  if  A  ■  f(a,p),  it  follows  that  B  -  f(p,a).  Again, if  we  substitute 
for  F(b),  we  hav« 


-  6  - 


i4 


b    PpCb) 


00  00      2    f  ) 


dx 


■p-2 


.00         1 


X  P  F(a,p::x)E(a,p;: 


*l*»»»*^p-2 


)dx 


+  B(p)PP'P*^  bP  ^F^(pp-p+l,l+Pp-pa}pb^/P). 

Here,  expand  the  last  E-function  in  the  last  expression  by  means  of  the 
formula  ([2],  p. 3 53) 


(8)  E(a,p::z)-XI     r(P-a)  PCa)   "^  iFj^Cail+a-pJz) 

a,p 


-a 


and  let  it  be  assumed  that  a  <  pj  multiply  by  b       and  let  b  — >  Oj  then  as 


i+  p-a>  0, 


.00  ,00 


-2 


^pP°-P-l.    [  ...    (    ^J 


'O  'o 


^-(r*l)/p-a  E(a,p::x^)ldx^,...,dx 


P-2 


00  ,1  ,^ 
xf     xP    °  E(a,ps:x)dx   r(a)r(?-a). 


The  repeated  integral  here  is  a  product  of  simple  integrals,  all  of  which  are 
given  by  (5).    Thus 

^,pPa-p.l  .  fP  J    r(  i  ^a-1.  |)r(l-  i  -  ^)r(l-P-a-  i  -  I) 


r-1 


P       P 


P      P 


X  r(  i  *a-i)r(i-  |)r(i*p-a-  i)r(a)ro-a) 

3         3        1 
(2n)^         '^  p    ^  r(pa-p+l)r(Pp-pa), 


where  we  have  used  the  well-known  equation 


-  7  - 


1    11 


p'      '  ^     p 


to  simplify  the  right  hand  side.  Thus 


Iv-  i    2p-po-pp-  I 
A  -  (2n)^     p  r(pa-p+l)r(pP-pa), 


and  consequently, 

iv'i    2p-pp-pa-  I 

B  «  i2nr      p         '^  r(pp-p+i)r(p«T-pp). 


Thus  from  (8),   the  proof  of  (3)  is  complete, 

3«     Particular  cases 

In  (3)   and  (U),  put  a-w'-k  +  in,  p-w-k-m  and  use  the  equation 

([2]  p.  351): 

1 
(9)     E(^  -  k+m,  J-  -k-in::z)  -    fCj  -k+iB)r(^  -k-m)z'^e^     Wj^  Jz) 

and  so  obtain  (2)  and  (l)* 


[l]  Erdelyi,  A. 
[2]  MacRobert,  T.M, 
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